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Spinor fields are considered in a generally covariant environment where they can be written in a
polar form. The polar form is the one in which spinorial fields are expressed as a module times the
exponential of a complex pseudo-phase, and in this form the full spinorial field theory can in turn
be expressed by employing only real tensorial quantities. Such a reformulation makes it possible to
emphasize properties of the spinorial field theory, and this which would enrich our understanding in
ways that have never been followed so far.
I. INTRODUCTION
In describing elementary particles such as fermions, it
is impossible to underestimate the role of spinorial fields.
Nevertheless, spinorial fields, defined as vectors in spin
space, are intrinsically complex, and this makes it diffi-
cult to clearly interpret their structure. For example, of
the 4 complex components, or 8 real components, consti-
tuting a spinor field, it is not immediate to see which are
those describing its velocity and spin and which are those
accouting for true degrees of freedom within the spinor.
But precisely because spinor fields are vectors in spin
space, it is possible to attempt a specific type of simplifi-
cation. In fact, because spinors are columns of 4 complex
components, and each complex component can be writ-
ten as the product of a module times a unitary phase, it
may be possible to perform such a decomposition on all 4
components, thus reconfiguring the spinor in what then
should be reasonably called polar form. As spinor fields
are objects that transform according to a local complex
Lorentz transformation, this procedure would in general
spoil the manifest general Lorentz covariance, unless it is
carefully implemented. But luckily, there is, as a matter
of fact, a way of doing this while respecting the general
Lorentz covariance, so writing spinors in polar form can
be done in the most general manner, and all the spinorial
quantities can therefore be converted into real tensors.
In this paper, we present the polar form of spinor fields
showing its importance for interpreting the components
of the spinor and the isolation of the real scalar degrees
of freedom from the components that can be transferred
into the frame. In a sub-sequent section, we will examin
some special situations given by limiting procedures such
as the non-relativistic approximation. Problems inherent
to quantum field theory, and the use of plane waves, will
be commented. In a final section, we will dedicate special
attention to the problem of finding exact solutions in the
free field configuration. It is important to remark that ev-
erything will be treated in the most general environment
possible. It is the polar formalism, in its transforming a
spinor into a clearer object, what allows us to see features
that have never been seen up until now. All original re-
sults will be obtained only by recovering more efficiently
the information that is already contained in the spinorial
field theory itself. In no point of this work will there be
the ad hoc introduction of new physical properties.
II. GENERAL GEOMETRY
In the first section, we start by giving the general the-
ory of spinorial fields as it is normally presented in com-
mon textbooks. Once this will be done, we shall proceed
by converting it into the aforementioned polar formalism.
A. Spinor Field
Because our subject will be spinors, it is necessary to
begin by fixing the convention about the Clifford matri-
ces. They will be γa such that {γa,γb}=2ηabI with ηab
being the Minkowski matrix. Then [γa,γb]=4σab defines
the generators of the complex Lorentz algebra. And as a
final definition we have that 2iσab=εabcdpiσ
cd implicitly
defines the pi matrix. This matrix is usually denoted as a
gamma matrix with an index five, but since in space-time
this index has no meaning, and sometimes it may also be
misleading, we use a notation with no index. An algebra
of Clifford matrices also verifies the following relations
γiγjγk=γiηjk − γjηik+γkηij+iεijkqpiγq (1)
from which it is possible to prove that
{γa,σbc} = iεabcdpiγd (2)
[γa,σbc] = ηabγc−ηacγb (3)
and
{σab,σcd} = 12 [(ηadηbc−ηacηbd)I+iεabcdpi] (4)
[σab,σcd] = ηadσbc−ηacσbd+ηbcσad−ηbdσac (5)
are valid as general geometric identities. Notice that the
commutation relations (3) tells that γa→ γa specifying
that the gammamatrices do not actually transform under
complex Lorentz transformations while the commutation
relations (5) tells that the sigma matrices are in fact one
representation of the Lorentz algebra. As a consequence,
by exponentiating the generators of the complex Lorentz
algebra σab for local parameters θij =−θji it is possible
to find the local complex Lorentz group
S=e−iαe−
1
2
θabσ
ab
(6)
where α is a complex phase. The spinor field ψ is defined
as what transforms according to ψ→Sψ and now we can
justify why we allowed a complex phase, that is, spinors
transform according to complex Lorentz transformations,
they are in general complex and as such they are generally
subject to complex phase transformations. With Clifford
matrices it is also possible to build a procedure that will
convert a spinor ψ in its adjoint spinor ψ=γ0ψ† so that
we have ψ→ψS−1 as adjoint transformation. Therefore,
with all gamma matrices, and the pair of adjoint spinors,
it is possible to construct the bi-linear spinor quantities
Σab=2ψσabpiψ (7)
Mab=2iψσabψ (8)
Sa=ψγapiψ (9)
Ua=ψγaψ (10)
Θ= iψpiψ (11)
Φ=ψψ (12)
which are all real tensors. Such a definition of adjoint is
unique up to the mere re-definition of these six bi-linear
spinor quantities into one another. Nonetheless, these six
bi-linear spinor quantities are not independent, since
ψψ≡ 14ΦI+ 14Uaγa+ i8Mabσab −
− 18Σabσabpi− 14Saγapi− i4Θpi (13)
and then
2σµνUµSνpiψ+U
2ψ = 0 (14)
iΘSµγ
µψ+ΦSµγ
µpiψ+U2ψ = 0 (15)
and
Σab=− 12εabijMij (16)
Mab= 12ε
abijΣij (17)
with
MabΦ−ΣabΘ=U jSkεjkab (18)
MabΘ+ΣabΦ=U[aSb] (19)
alongside to
MikU
i=ΘSk (20)
ΣikU
i=ΦSk (21)
MikS
i=ΘUk (22)
ΣikS
i=ΦUk (23)
and with the orthogonality relations
1
2MabM
ab=− 12ΣabΣab=Φ2−Θ2 (24)
1
2MabΣ
ab=−2ΘΦ (25)
and
UaU
a=−SaSa=Θ2+Φ2 (26)
UaS
a=0 (27)
as it is straightforward to demonstrate, and called Fierz
identities. We notice that while the definition of the six
bi-linear spinor quantities makes up for a symmetric form
of the Fierz identities, nevertheless we could drop either
Σab orMab since they are the dual of each other. We will
see in the following that in fact both could be dropped,
with simplifications for the Fierz identities. To finish the
introduction of all kinematic quantities, we need to say
that with the metric we define the symmetric connection
as usual with Λσαν and with it we define the spin connec-
tion according to Ωabpi=ξ
ν
b ξ
a
σ(Λ
σ
νpi−ξσi ∂piξiν) so that with
the gauge potential qAµ we can finally define
Ωµ =
1
2Ω
ab
µσab+iqAµI (28)
called spinorial connection. It is needed to write
∇µψ=∂µψ+Ωµφ (29)
as spinor covariant derivative. By computing the spino-
rial covariant derivatives of the gamma matrices and us-
ing their constancy we obtain γcΩcaµ−[Ωµ,γa]=0 where
the general expression Ωµ=aΩacµσ
ac+Aµ might further
be plugged in. Once this is done, and using (3), we get
that a=1/2 and [Aµ,γs]=0 identically. Since products
of gamma matrices generate the full space of the Clifford
matrices then Aµ commutes with every matrix, and this
implies that Aµ=(iqAµ+pCµ)I in general. It is easy to
observe that Aµ is the gauge field arising from a complex
phase transformation of charge q whereas Cµ is the field
arising from conformal transformations σ of weight p and
this means that with no conformal symmetry the spinor
connection given by (28) is the most general. And as well
known, the commutator of spinorial covariant derivatives
can justify the definitions of space-time and gauge tensors
Rijµν=∂µΩ
i
jν−∂νΩijµ+ΩikµΩkjν−ΩikνΩkjµ (30)
Fµν=∂µAν−∂νAµ (31)
that is the Riemann curvature and the Maxwell strength.
For the dynamics, we take the spinor field subject to
iγµ∇µψ−XWµγµpiψ−mψ=0 (32)
in which Wµ is the axial-vector torsion whereas X is the
torsion-spin coupling constant, and this is what is called
Dirac equation. If we multiply (32) by I, γa, σab, γapi,
pi and then by ψ splitting real and imaginary parts gives
i
2 (ψγ
µ
∇µψ−∇µψγµψ)−XWσSσ−mΦ=0 (33)
∇µUµ=0 (34)
i
2 (ψγ
µpi∇µψ−∇µψγµpiψ)−XWσUσ=0 (35)
∇µSµ−2mΘ=0 (36)
2
i(ψ∇αψ−∇αψψ)−∇µMµα −
−XWσMµνεµνσα−2mUα=0 (37)
∇αΦ−2(ψσµα∇µψ−∇µψσµαψ) +
+2XΘWα=0 (38)
∇νΘ−2i(ψσµνpi∇µψ−∇µψσµνpiψ)−
−2XΦWν+2mSν=0 (39)
(∇αψpiψ−ψpi∇αψ)− 12∇µMρσερσµα +
+2XWµMµα=0 (40)
∇µSρεµραν+i(ψγ[α∇ν]ψ−∇[νψγα]ψ) +
+2XW[αSν]=0 (41)
∇[αUν]+iεανµρ(ψγρpi∇µψ−∇µψγρpiψ)−
−2XWσUρεανσρ−2mMαν=0 (42)
as it is direct to see, and called Gordon decompositions.
B. Polar Form
So far we have presented the general theory of spinorial
fields, and it is now our goal to transcribe it into the polar
form while respecting its Lorentz covariance. To do so we
start by writing each spinor component in polar form, as
a product of a module times a unitary phase, but because
the spinor transforms according to Lorentz group, the ac-
tion of such a transformation would inevitably shuffle all
these components. In order to circumvent this problem,
and save manifest local Lorentz covariance, we move into
the special frame in which the only components that re-
main are the true degrees of freedom, and it will be only
on those that we perform the polar decomposition. If we
want to make sure that such special frame actually exists,
we have to specify that Θ and Φ should not be both equal
to zero identically. Notice that the case Θ=Φ≡0 isolates
a class of spinors containing the so-called flagpoles as well
as dipoles, themselves respectively containing Majorana
spinors and Weyl spinors. Due to the heavy importance
that these spinors have in particle physics, it is unwise to
blindly dismiss this case as irrelevant. Many mathemati-
cal properties have also been recently studied [1–4]. But
nevertheless, it has also been discussed in [5, 6] that not
all features of such spinors are free of problems, and thus
we will not consider them in the present treatment. Here
we will focus on standard spinors, for which Θ and Φ are
not identically vanishing at the same time. This makes it
possible to see that in (26) the vector Ua is time-like, and
therefore there is a special frame in which Ua possesses
only its time component. Because we also know that such
a frame can always be reached by employing only boosts,
then Ua must be the velocity, and the frame where it has
only its temporal component is the frame of rest. This is
exactly the special frame we are seeking. In it, (27) tells
that the axial-vector Sa has no temporal component, and
in general it is always possible to engage two rotations to
have Sa aligned with some given direction, conventionally
chosen to be the third axis. The choice of the third axis
means that the two rotations we need can be taken as a
rotation around the first axis and a rotation around the
second axis, so that the rotation around the third axis is
still available. Because the spinor is now in eigen-state of
the rotations around the third axis, rotations around the
third axis acts as a unitary phase. Thus it is possible to
employ this rotation to remove a unitary phase. Hence,
when written in chiral representation, the most general
spinorial field, with components in polar form, and in the
frame at rest with spin aligned along the third axis and
properly rotated around it, is given by
ψpolar=


φe
i
2
β
0
φe−
i
2
β
0

 (43)
in which we can indeed appreciate the polar form of each
component, although this form is valid only in the specific
frame chosen above. However, the solution is now rather
close. Because we may take S−1 to be the spinorial trans-
formation that brings ψ into its polar form ψpolar then it
is S−1ψ=ψpolar and therefore ψ=Sψpolar as clear. Thus
the most general spinor field can always be written like
ψ=S


φe
i
2
β
0
φe−
i
2
β
0

 (44)
for some complex Lorentz transformation S with φ and β
called module and Yvon-Takabayashi angle and where we
can finally appreciate the polar form of each component
and the manifest general Lorentz covariance. Exploiting
the fact that pi commutes with S we can finally write
ψ=φe−
i
2
βpiS


1
0
1
0

 (45)
and the spinor field is now in polar form. When we take
the polar form of the spinor field, the antisymmetric ten-
sor bi-linear spinor quantities are given according
Σab=2φ2(cosβu[asb]−sinβujskεjkab) (46)
Mab=2φ2(cos βujskε
jkab+sinβu[asb]) (47)
showing that they are not independent quantities, as we
had already anticipated, because they can always be con-
structed in terms of the vector bi-linear spinor quantities
Sa=2φ2sa (48)
Ua=2φ2ua (49)
and the scalars bi-linear spinor quantities
Θ=2φ2 sinβ (50)
Φ=2φ2 cosβ (51)
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which show that module and Yvon-Takabayashi angle are
a scalar and a pseudo-scalar and that they amount to the
only true degrees of freedom. Fierz identities reduce to
ψψ≡ 12φ2[(uaI+sapi)γa+e−iβpi(I−2uasbσabpi)] (52)
and all others become trivial except for the ones given by
2σµνuµsνpiψ+ψ = 0 (53)
isµγ
µψ sinβ+sµγ
µpiψ cosβ+ψ = 0 (54)
and
uau
a=−sasa=1 (55)
uas
a=0 (56)
showing that the normalized velocity vector ua and spin
axial-vector sa have only three independent components
each, and therefore six in total. The advantage of writing
spinor fields in polar form is that the 8 real components
are rearranged into the special configuration in which the
2 real scalar degrees of freedom remain isolated from the
6 real components that are always transferable into the
frame. Consequently, the 2 real scalar degrees of freedom
are given by the module as well as the Yvon-Takabayashi
angle, whereas the 6 real components that can always be
transferred into the frame are the 3 spatial components
of the velocity vector and the 3 spatial components of the
spin axial-vector. In fact, the three spatial components of
the velocity vector can always be cancelled by the three
rapidities while the three spatial components of the spin
axial-vector can always be cancelled by the three angles,
encoded as the six parameters of the S matrix. The polar
form is unique, up to the reversal of the third axis which
can always be absorbed as a redefinition of S and up to
the discrete transformation ψ→piψ which can always be
absorbed as a redefinition of the Yvon-Takabayashi angle
with the discrete transformation β→β+π as clear. It is
necessary to notice that because the spinor is a field, the
decomposition to the polar form has to be done in terms
of frames that are point-dependent, and hence through a
transformation that is local. Therefore, we must expect
that the Lorentz transformation be gauged. As a matter
of fact, in general we can write the following expression
S∂µS
−1= i∂µαI+
1
2∂µθijσ
ij (57)
which can be used for the partial derivative of the spinor
field, together with (28), in (29). We can now define
∂µα−qAµ≡Pµ (58)
∂µθij−Ωijµ≡Rijµ (59)
which can be proven to be tensors and invariant under a
gauge transformation simultaneously, and with which
∇µψ=(− i2∇µβpi+∇µ lnφI−iPµI− 12Rijµσij)ψ (60)
is the spinorial covariant derivative. We also have
∇µsi=Rjiµsj (61)
∇µui=Rjiµuj (62)
are general geometric identities. Taking the commutator
of the spinor field, or of the velocity or spin, yields
qFµν=−(∇µPν−∇νPµ) (63)
Rijµν=−(∇µRijν−∇νRijµ+RikµRkjν−RikνRkjµ) (64)
in terms of the Riemann curvature and Maxwell strength
and so they encode electrodynamic and gravitational in-
formation as usual. As we said above, when we write the
spinor field in its polar form, the spinor field is reconfig-
ured so that its degrees of freedom are isolated from the
components transferable into gauge and frames. Such a
transfer is done through the phase α and the parameters
θij which thus contain only information about gauge and
frames. In the moment in which the phase and parame-
ters are added to the gauge potential and spin connection
they do not alter the information content of these last, so
(58, 59) contain the same information of gauge potential
and spin connection themselves, although in the combi-
nation all of the non-covariant characters fully cancel, so
(58, 59) are gauge invariant and Lorentz covariant, in an
absolutely general way. Thus Pµ and Rijµ can be named
gauge-invariant vector momentum and tensorial connec-
tion. However, the fact that they are fully covariant does
not mean that the information about gauge and frames
has been reduced to zero and that the information about
electrodynamics and gravity alone is present. To see this
it is enough to go in a situation with no electrodynamics
or gravity and see if there is still some information inside
the Pµ and Rijµ objects. As the gauge-invariant vectorial
momentum and the tensor connection have information
about gauge and electrodynamics and about frames and
gravity, with no electrodynamics and gravity the remnant
information must be due to gauge and frames. And since
no electrodynamics and gravity means zero Maxwell and
Riemann tensors, if we found a gauge-invariant vectorial
momentum and a tensor connection that were non-zero
but whose Maxwell strength and Riemann curvature van-
ished then they would encode an information that would
be fully covariant but related to gauge and frames solely
with no electrodynamics or gravity. Thus it can describe
a gauge-invariant vector potential and a covariant inertial
acceleration. This might appear strange, but the angular
momentum displays an analogous character, because in
macroscopic systems it could always be calculated with
respect to the reference system where the particle rests,
when it vanishes, but for microscopic quantum systems it
includes the spin, which cannot be vanished. A quantity
that is non-covariant macroscopically but that may turn
out to be covariant microscopically for quantum systems
should not be regarded as too strange. But nevertheless,
we remark that even if we can no longer say that inertial
accelerations are those accelerations that are not covari-
ant, it is still possible to define them as the accelerations
that have no source, much in the same way in which the
vector potential may have an action even in a situation
where it has no strength, as in the Aharonov-Bohm effect.
For the Dirac equations (32), plugging into the Gordon
decompositions (38, 39) the polar form allows us to write
4
the manifestly covariant polar form of Dirac equations
1
2∇α lnφ2 cosβ−(12∇αβ−XWα) sinβ +
+Pµ(uρsσερσµα cosβ+u[µsα] sinβ) +
+ 12R
µ
αµ cosβ+
1
4R
ρσµερσµα sinβ=0 (65)
1
2∇ν lnφ2 sinβ+(12∇νβ−XWν) cosβ +
+Pµ(uρsσερσµν sinβ−u[µsν] cosβ)−
− 14Rρσµερσµν cosβ+ 12R µνµ sinβ+msν=0 (66)
which can be diagonalized into
1
4εµανιR
ανι−P ιu[ιsµ]−XWµ +
+∇µβ/2+sµmcosβ=0 (67)
1
2R
a
µa −P ρuνsαεµρνα +
+sµm sinβ+∇µ lnφ=0 (68)
in general. Converesely, from these and (53, 54) we have
iγµ∇µψ−XWσγσpiψ−mψ =
= [P ρ(iγµuνsαεµρνα+u[ρsµ]γ
µpi+γρ)−
−m(isµγµ sinβ+sµγµpi cosβ+I)]ψ=0 (69)
showing that the initial Dirac equations are valid. So we
proved that the Dirac equations (32) are equivalent to
Bµ−2P ιu[ιsµ]+(∇β−2XW )µ+2sµm cosβ=0 (70)
Rµ−2P ρuνsαεµρνα+2sµm sinβ+∇µ lnφ2=0 (71)
with R aµa =Rµ and
1
2εµανιR
ανι=Bµ as it has been quite
extensively discussed in [7, 8]. The spinor equations (32)
consist of 4 complex equations, that is 8 real equations,
which are as many as the 2 vectorial equations given by
the (70, 71) above. Such a pair of vector equations spec-
ify all space-time derivatives of both degrees of freedom
given by module and Yvon-Takabayashi angle. It is very
important to say that the discrete transformation given
above as β→β+π requires thatm→−m be implemented
too in order for (70, 71) to be invariant. Notice that the
Yvon-Takabayashi angle, in its being the phase difference
bewteen chiral projections, has to be related to the mass
term, which makes up for a basic interaction between the
two parts. Also notice that because the interplay of such
chiral parts is reminiscent of internal dynamics then also
the presence of the spin axial-vector is expected. We will
make this comment more solid a little later in the work.
III. SPECIAL STRUCTURE
At some point in the previous section we talked about
the fact that the tensorial connection might describe the
covariant inertial acceleration and therefore an effect due
to no source, if we were able to find a non-zero tensorial
connection which is solution of the zero Riemann curva-
ture equation. The similar consideration holds for finding
non-zero gauge-invariant vector momentum as solution of
the zero Maxwell strength equation. Next we will provide
such an example. But we will not stop there, as we shall
use this example to find more general spinor solutions of
the non-interacting Dirac differential field equations.
A. Background
The zero Riemann curvature equation Rijµν =0 must
be solved for a non-zero tensorial connection Rijk but it
may be difficult in general. So will make some simplifying
assumption, and the first is to pick spherical coordinates
with metric given by
gtt=1 (72)
grr=−1 (73)
gθθ=−r2 (74)
gϕϕ=−r2|sin θ|2 (75)
giving connection
Λθθr=
1
r
(76)
Λϕϕr=
1
r
(77)
Λrθθ=−r (78)
Λrϕϕ=−r|sin θ|2 (79)
Λϕϕθ=cot θ (80)
Λθϕϕ=− cos θ sin θ (81)
and zero Riemann curvature as wanted. Nevertheless, a
truly simplifying hypothesis is that of exploiting relation-
ships (61, 62) to find some Rijk which only later be will
restricted to be compatible with the Rijµν =0 condition
we want to implement. Exploiting (61, 62) means that a
set of assumptions must be taken for the vectors uk and
sk in a careful manner. Therefore, to begin, we might de-
mand that uk have temporal and azimuthal components
solely, so that due to normalization, they are taken as
ut=coshα (82)
uϕ=r sin θ sinhα (83)
with α=α(r, θ) generic function. Orthogonality between
vectors uk and sk indicates that we may take sk having
the radial and elevational components solely, so that due
to normalization, we can take
sr=cos γ (84)
sθ=r sin γ (85)
with γ= γ(r, θ) another generic function. Now relations
(61,62) can be solved for Rijk and we obtain that
Rtϕϕ=Rϕtt=Rrθϕ=Rrθt=0 (86)
as well as
r sin θ∂θα=Rtϕθ (87)
r sin θ∂rα=Rtϕr (88)
−r(1+∂θγ)=Rrθθ (89)
r∂rγ=Rθrr (90)
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linking the derivatives of the two above functions to four
of the components of the Rijk tensor and
rRrtϕ=Rtθϕ tan γ (91)
r sin θRtθϕ=(Rϕθϕ−r2 cos θ sin θ) tanhα (92)
(Rϕθϕ−r2 sin θ cos θ) tan γ=r(Rrϕϕ+r|sin θ|2) (93)
(Rrϕϕ+r|sin θ|2) tanhα=r sin θRrtϕ (94)
as well as
rRrtt=Rtθt tan γ (95)
r sin θRtθt=Rϕθt tanhα (96)
Rϕθt tan γ=rRrϕt (97)
Rrϕt tanhα=r sin θRrtt (98)
and
rRrtr=Rtθr tan γ (99)
r sin θRtθr=Rϕθr tanhα (100)
Rϕθr tan γ=rRrϕr (101)
Rrϕr tanhα=r sin θRrtr (102)
with
rRrtθ=Rtθθ tan γ (103)
r sin θRtθθ=Rϕθθ tanhα (104)
Rϕθθ tan γ=rRrϕθ (105)
Rrϕθ tanhα=r sin θRrtθ (106)
grouped in four blocks of four relations. In each of these
blocks the four components are mutually related, but dif-
ferent blocks are independent on one another. Thus it is
possible to set an entire block to zero while leaving dif-
ferent from zero all others. So as another hypothesis and
educated guess we can finally choose the system having
Rtrr=Rtθr=Rϕrr=Rϕθr=0 (107)
Rrtθ=Rtθθ=Rrϕθ=Rϕθθ=0 (108)
Rtθϕ=Rtrϕ=0 (109)
with
Rrϕϕ=−r|sin θ|2 (110)
Rθϕϕ=−r2 cos θ sin θ (111)
and
Rrtt=−2ε sinhα sin γ (112)
Rϕrt=2εr sin θ coshα sin γ (113)
Rθtt=2εr sinhα cos γ (114)
Rϕθt=−2εr2 sin θ coshα cos γ (115)
with ε being a generic function a priori. However it will
turn out to be a constant after imposing the vanishing of
the Riemann curvature we wanted to have. Remark that
the above choice (82, 83), (84, 85) gives the tetrads
e0t =coshα e
2
t =sinhα (116)
e1r=sin γ e
3
r=− cosγ (117)
e1θ=−r cos γ e3θ=−r sin γ (118)
e0ϕ=r sin θ sinhα e
2
ϕ=r sin θ coshα (119)
and dual tetrads
et0=coshα e
t
2=− sinhα (120)
er1=sin γ e
r
3=− cosγ (121)
eθ1=− 1r cos γ eθ3=− 1r sin γ (122)
eϕ0 =− 1r sin θ sinhα eϕ2 = 1r sin θ coshα (123)
from which the spin connection is
Ω02r=−∂rα (124)
Ω13r=−∂r(θ+γ) (125)
Ω02θ=−∂θα (126)
Ω13θ=−∂θ(θ+γ) (127)
Ω01ϕ=− cos (θ+γ) sinhα (128)
Ω03ϕ=− sin (θ+γ) sinhα (129)
Ω23ϕ=sin (θ+γ) coshα (130)
Ω12ϕ=− cos (θ+γ) coshα (131)
which is obviously a non-trivial spin connection although
it gives a zero Riemann curvature. With the tetrads we
can write the tensorial connection in tetradic formalism
in the first two indices so that by means of (59) and the
spin connection we get ∂tθ12=−2ε alone. Consequently,
we have extablished the existence of a non-zero tensorial
connection solution of zero Riemann curvature equation.
The zero Maxwell strength equation Fµν=0 has to be
solved for a non-zero gauge-invariant vector momentum
Pµ but this is rather easy. In fact Pµ=∂µα with Pt=E
and E a generic constant will already suffice. Therefore,
(58) will give α=Et alone. Consequently, we have again
found a non-zero gauge-invariant vector momentum that
is one solution of the zero Maxwell strength equation.
We will next see how this background can be used to
find more general solutions of the Dirac equations.
B. Matter
We have given an example of non-zero gauge-invariant
vector momentum and tensorial connection that have no
Maxwell strength and Riemann curvature. Next we shall
employ them to find more general spinor solutions of the
non-interacting Dirac equations. In fact, a zero Riemann
curvature means flat space-time and thus no gravity and
a zero Maxwell strength means no electrodynamics. They
can be complemented by the condition of no torsion thus
ensuring to neglect all of the interactions within the Dirac
equations. Just the same, the fact that we have non-zero
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gauge-invariant vector momentum and tensorial connec-
tion means that some effect must be present even though
we are dealing with free Dirac equations. A background
of this type is trivial but still non-negligible, and in it the
field equations given by (70, 71) become expressed as
∂θα−2(ε+E)r coshα cos γ +
+r∂rβ+2mr cosβ cos γ=0 (132)
r∂rα+2(ε+E)r coshα sin γ −
−∂θβ−2mr cosβ sin γ=0 (133)
∂θγ−2(ε+E)r sin γ sinhα+
+2mr cos γ sinβ+r∂r ln (φ
2r2 sin θ)=0 (134)
−r∂rγ+2(ε+E)r cos γ sinhα+
+2mr sin γ sinβ+∂θ ln (φ
2r2 sin θ)=0 (135)
which have to be solved in some special case.
With this example we conclude the presentation of the
general theory, and now we turn to study specific cases.
IV. RELATIVISTIC EFFECT
A. Zitterbewegung
Up to now we have investigated the general theory and
some exact solutions. It is now time to consider specific
situations which, despite being special cases, might reveal
interesting information. The first condition that we will
consider is the non-relativistic approximation. To study
this condition we start by specifying that after requiring
the non-relavitistic limit, it will turn out that time is not
a dimension anymore and boosts are excluded as possible
transformation. When this is done, we essentially remain
with a genuinely 3-dimensional theory. A spinor field in 3
dimensions has 2 complex, and thus 4 real, components,
and it is subject to 3 transformations, that is the three
rotations. By re-doing the polar analysis on such a spinor
field we would find that it will basically have one degree of
freedom, which is recognized as the module. Because we
have that in 4 dimensions a spinor field has two degrees of
freedom, the module and Yvon-Takabayashi angle, while
in 3 dimensions spinor fields have one degree of freedom,
the module, then the process of having the general theory
reduced in non-relativistic regime has to account for the
vanishing of the Yvon-Takabayashi angle. This must take
place beside the already implemented condition given by
the vanishing the three space components of the velocity
vector. As a consequence, such a non-relativistic approx-
imation will be expressed the conditions β→0 and ~u→0
in the most general circumstance that is indeed possible.
When the 4-dimensional spinor field is written in polar
form we are naturally equipped to do the non-relativistic
approximation. Indeed requiring zero Yvon-Takabayashi
angle is immediate and requiring zero space velocity is
implemented by boosting into the rest frame. When this
last condition is combined with the always possible align-
ment of the spin along the third axis we are merely asking
that S be the identity. Then the spinor is given by
ψ=φ


1
0
1
0

 (136)
in chiral representation or
ψ=φ
√
2


1
0
0
0

 (137)
in standard representation. So the non-relativistic regime
can be implemented by a single condition asking that the
spinor field written in standard representation has lower
component that is vanishing. To see the reciprocal, it is
necessary to write the spinor field in polar form explicitly,
and a way to do that is according to the expression
ψ=φ
√
2
γ+1e
−iαe−
i
2
βpi


(
γ+1
2 I−γ~v·~σ2
)
ξ(
γ+1
2 I+γ~v·~σ2
)
ξ

 (138)
in chiral representation or
ψ=φ
√
2
√
2
γ+1e
−iα


(
cos β2
γ+1
2 I−i sin β2 γ~v·~σ2
)
ξ(
cos β2 γ~v ·~σ2 −i sin β2 γ+12 I
)
ξ

(139)
in standard representation where γ=1/
√
1−v2 in terms
of the spatial velocity γ~v= ~u with ξ such that ξ†ξ=1 a
generic semi-spinor and α unitary phase. In this explicit
form we have that the vanishing of the lower component
for whatever direction of the semi-spinor ξ means that
cos β2~u·~σ−i sin β2 (γ + 1)I=0 (140)
and because I and all ~σ are linearly independent then we
must have β=0 and ~u=0 as well. So the non-relativistic
approximation is equivalently implemented by requiring
the single condition given by the vanishing of the lower
component of spinors in standard representation. Notice
that this is why normally the lower component is called
small component. Also, remark that for a discrete trans-
formation β→β+π the lower component will convert into
the upper component, in being the small component.
There is yet another way for the non-relativistic regime
to be expressed, and it consists in having zero space part
of the mometum. To study this condition we need to find
a way to have the momentum written in terms of velocity
and Yvon-Takabayashi angle. For this purpose, consider
the Dirac equations in polar form (70, 71) and contract
the first by uµ and sµ getting
P ·s+ 12 (∇β−2XW+B)·u=0 (141)
P ·u+ 12 (∇β−2XW+B)·s−m cosβ=0 (142)
and the second by uνsαεναµρ getting
P ρ+P ·ssρ−P ·uuρ +
+ 12 (∇ ln φ2+R)µsαuνεµανρ=0 (143)
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and then substitute in the last one all occurrences of P ·s
and P ·u in terms of the other two expressions getting
P ρ=m cosβuρ− 12 (∇β−2XW+B)·suρ +
+ 12 (∇β−2XW+B)·usρ −
− 12 (∇ lnφ2+R)µsαuνεµανρ (144)
in general. In doing this we demonstrated that the Dirac
equations in polar form (70, 71) imply the expression
Pµ=Muµ+Y ·usµ+Zksjuiεkjiµ (145)
where m cosβ−Y ·s=M with 12 (∇β−2XW+B)k=Yk and
− 12 (∇ lnφ2+R)k=Zk to have a more compact expression
of the momentum [10]. We notice that in such a form the
momentum has a component along the velocity, but also
a component along the spin and a component orthogonal
to velocity and spin. It is possible also to have this form
inverted, and to do so we can first dot it into Za to get
P ·Z+P ·sZ ·s=MZ ·u (146)
and then dot it into Zisjεijka to get
P aZisjεijka=MZ
isjuaεijka +
+(Z2+|Z ·s|2)uk−Z ·u(Zk+Z ·ssk) (147)
so that and after having the first substituted into the
second, and the result plugged back into (145) we get
uk=(1+ζ2+|ζ ·s|2)−1[ηka +
+sask(1+|ζ ·s|2)+ζaζk +
+(saζk+ζask)ζ ·s+ζisjεijka]Pa/M (148)
with ζk=Zk/M and giving the expression of the velocity
in terms of the momentum. In the following this expres-
sion will become important. Back to the expression of the
momentum in terms of the velocity and also involving the
Yvon-Takabayashi angle, we have for the non-relativistic
limit that the momentum is eventually given by
P 0=m−(X ~W− 12 ~B)·~s (149)
~P =−(XW 0− 12B0)~s− 12 (~∇ lnφ2− ~R)×~s (150)
showing that the energy does not reduce to the mass and
the space momentum does not vanish. This case can be
obtained only when we neglect the spin. Thus it is solely
when we neglect the spin that Pµ=m cosβuµ and hence
the non-relativistic limit given by Pa→ (m,~0) coincides
with the non-relativistic regime β→0 and ~u→0 accord-
ing to the general procedure that we have discussed here.
Therefore, the condition of non-relativistic limit can be
implemented by asking that β→ 0 and ~u→ 0 or equiva-
lently by asking that in standard representation the small
component vanishes, and in case the spin is negligible by
asking Pa→(m,~0) to hold. Notice that the first two forms
are equivalent, but the form β→0 and ~u→0 allows us to
interpret the Yvon-Takabayashi angle. In fact, if on the
one hand we cannot get non-reltivistic limit even in rest
frame if the Yvon-Takabayashi angle does not vanish, on
the other hand we will always have some dynamical char-
acter that remains even at rest if an internal dynamics is
present. Thus, we interpret the Yvon-Takabayashi angle
as what encodes information about the internal dynamics
of the spinor. When the small component is not zero it
gives rise to an effect called zitterbewegung, which is the
jittering motion of relativistic quatum particles. Thus, a
more precise identification of the internal dynamics would
simply be that of zitterbewegung. The last form we have
discussed for the non-relativistic limit is the one given in
terms of the momentum and despite being the form that
is commonly used nevertheless its validity is subsequent
to the condition of neglecting the spin. This means that
once again we have relativistic effects even if the momen-
tum is small if spin contributions are considered. Thus,
the phenomenology attributed to relativistic effects for a
quantum particle can be transposed onto the presence of
non-zero Yvon-Takabayashi angles or small components
of a spinor, representing internal dynamics, or zitterbe-
wegung, and subsequently also to the spin contributions.
We will use some of the material presented in this sec-
tion in the following treatment of quantum fields.
V. QUANTUM CORRECTION
A. Anomaly
In the previous section we analyzed the non-relativistic
conditions, so that when the most general spinor field was
compared to its non-relativistic approximation it became
possible to isolate the relativistic effects. Because a fully
relativistic quantum dynamics naturally leads to the con-
cept of quantum fields, we next turn to a general study of
quantum field theory. Because in QFT one of the basic
assumptions is to perform calculations employing plane
waves, we will see how the most general spinor would be
written as one fixed plane wave plus specific field correc-
tions. The plane wave form is implemented by requiring
i∇µψ=Pµψ (151)
in general. Upon comparison with the most general form
given by expression (60) we obtain that
(∇µ lnφI− i2∇µβpi− 12Rijµσij)ψ = 0 (152)
for any spinor field and because σij , I and pi are linearly
independent then Rijµ = 0 with β and φ constant. Since
a constant pseudo-scalar has to vanish then we finally get
that Rijµ = 0 with β=0 and ∇νφ=0 are the conditions
that implement the reduction to the standard QFT.
Thus, in QFT the completeness relationships (52) are
ψψ≡ 12φ2(uaγa+I−saγapi−2uasbσabpi) (153)
with spin and velocity, then by using (148) reduced as
uk=(P k+P ·ssk)/(m+XW ·s) (154)
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we can write the velocity in terms of the momentum, so
that the completeness relationships can be written with
spin and momentum, as conserved quantities. The Dirac
equations (70, 71) reduce to the simpler
P ιu[ιsµ]+XWµ−sµm=0 (155)
P ρuνsαεµρνα=0 (156)
as a link between momentum and torsion and a constraint
on the momentum, so after some algebraic manipulation
XWαu
[αsµ]+Pµ−muµ=0 (157)
XWα(sαsµ−uαuµ+gαµ)=0 (158)
expressing the momentum in terms of torsion and a con-
straint on torsion and telling us that while in QFT torsion
can be important nevertheless the zero-torsion condition
can consistently be taken to simplify the Dirac equations.
With no torsion, the Dirac equations are equivalent to
Pµ=muµ in general. The completeness relationships are
ψψ≡ φ22m [mI+Paγa−msaγapi−2Pasbσabpi] (159)
which are those known in QFT computations.
In fact by neglecting the spin we eventually reduce to
the form ψψ=(Pkγ
k+mI)(φ2/2m) as the usual expres-
sion for the spin-sum that is again widely used in QFT.
What we found is that the usual formalism of QFT is
recovered by the conditions ∇νφ=0 and β=0 alongside
to Rijµ = 0 and XWµ=0 when also the spin is averaged
out so to be neglected. Any relaxation of these conditions
means an enlargement of QFT worth studying. The most
general case is given by the completeness relationships
ψψ≡ 12φ2[(uaI+sapi)γa+e−iβpi(I−2uasbσabpi)] (160)
where the velocity can be expressed as
uk=(1+ζ2+|ζ ·s|2)−1[ηka +
+sask(1+|ζ ·s|2)+ζaζk +
+(saζk+ζask)ζ ·s+ζisjεijka]Pa/M (161)
in terms of spin and momentum as conserved quantities
but with ζk and M given by
ζk=Zk/M (162)
M=m cosβ−Y ·s (163)
in terms of Zk and Yk defined by
Zk=− 12 (∇ ln φ2+R)k (164)
Yk=
1
2 (∇β−2XW+B)k (165)
with torsion, tensorial connection, Yvon-Takabayashi an-
gle and module. We also have the constraints
Z ·s+m sinβ=0 (166)
Z ·u=0 (167)
Yµuνsρε
µνρσ=0 (168)
which are four independent equations since the last does
not have any projections along the directions of velocity
and spin, and therefore (168), (167) and (166) together
with (161) make a total of eight independent equations
exactly accounting for the full set of the Dirac equations.
It is very intriguing to notice that the condition β=0 is
common to both the non-relativistic limit and the plane
wave structure of QFT. Also, it is interesting to observe
that commonly we neglect or average the spin away again
both in the non-relativistic approximation and for plane
wave solutions in QFT. While the former condition need
be implemented, the latter codition only appears to be a
working hypothesis. Nonetheless, some procedure has to
be employed in order to conceal the intrinsic structure of
elementary particles in both situations. This is compre-
hensible, because we are used to consider all elementary
particles as point-like objects. But even if this might be
true to a good extent, there is no real reason for that.
Accounting for extended fields with intrinsic structure
would be more comprehensive, and this is what we intend
to do in the development of the following section.
VI. SOLUTION
The past sections were devoted to justify why it is more
comprehensive to perform a study of extended fields dis-
playing intrinsic structures. In this section we are going
to present an example of exact solution. Such a solution
will be chosen to have an internal structure of trivial type,
represented by the condition β=0 and taking γ=π/2 for
simplicity. In this way the above field equations become
∂θα=0 (169)
∂θ ln (φ
2r2 sin θ)=0 (170)
∂rα+2(ε+m) coshα sin γ−2m sinγ=0 (171)
−2(ε+m) sinγ sinhα+∂r ln (φ2r2 sin θ)=0 (172)
having set φ2r2 sin θ≡F =F (r) and with α=α(r) in the
most general case. A solution is obtained according to
tanh α2 = −
√
ε
(ε+2m) tan
[
r
√
ε(ε+2m)
]
(173)
F = A
ε(ε+2m)
[
(ε+2m)
∣∣∣cos [r√ε(ε+2m)]∣∣∣2−ε
]
(174)
for ε> 0 and with A integration constant provided that
(ε+m) coshα 6=m while for (ε+m) coshα=m we choose
tanh α2 =−
√
−ε
2m+ε (175)
F =Be−2r
√
−ε(ε+2m) (176)
for −2m<ε<0 and with B integration constant. Because
a positive ε gives rise to an oscillatory behaviour whereas
a negative ε can give rise to an exponentially descreasing
behaviour, we might interpret it as some potential energy
creating a potential barrier when positive and a potential
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well when negative, or equivalently we might think at the
tensorial connection as a sort of tension that can be either
repulsive or attractive [9]. It is also remarkable that the
condition |ε|<2m tells that the potential well cannot be
deeper than at most two times the mass of the particle.
The former solution is well-behaved at the origin but
does not converge, while the latter solution would have a
cusp at the origin but an exponential damping at infinity,
suggesting that some form of junction may form a single
solution with good properties everywhere. This junction
is formed by cutting both solutions at a given radius R
and piecing them together, requiring both continuity and
smoothness on the boundary. For the inner solution, we
can set ε= |ε|=ε1 while for the outer solution we can set
ε=−|ε|=−ε2 obtaining the condition of continuity
A
ε1(ε1+2m)
[
(ε1+2m)
∣∣∣cos [R√ε1(ε1+2m)
]∣∣∣2−ε1
]
=
= Be−2R
√
ε2(2m−ε2) (177)
and smoothness
A
2
√
ε1 + 2m
ε1
sin
[
2R
√
ε1(ε1+2m)
]
=
=
√
ε2(2m− ε2)Be−2R
√
ε2(2m−ε2) (178)
which can be worked out to give
√
ε1(2m+ε1)
ε2(2m−ε2)
=
∣∣∣cos
[
R
√
ε1(ε1+2m)
]∣∣∣2− ε12m+ε1
cos
[
R
√
ε1(ε1+2m)
]
sin
[
R
√
ε1(ε1+2m)
] (179)
plus another relationship determining the size of the A/B
constant. Nonetheless, for us (179) is the most important
relationship because it gives a constraint that can be read
as a discretization condition for the mass of the particle.
Equation (179) is a terrifying relationship to solve, but
it might still be informative. In fact, in the case of a very
large ε1 we can approximate (179) to a relationship that
is solved for the mass in terms of the expression
2Rm=Rε2+
1
ε2R
|Rε1 cot (Rε1)|2 (180)
which tells that there is an infinity of possible values of
the mass constant. As we have no control over R, ε1 and
ε2 the specific value of the mass in (180) is free, but still
it is determined by the other constants of the problem.
This situation is totally analogous to what we observe
to happen in non-relativistic cases, where the junction of
two solutions determines discretization conditions of the
energy. In relativistic cases it happens exactly the same,
but with the energy replaced by the mass. It is important
to remark also that if we were to calculate the tensorial
connection we would find it different from zero, meaning
that such a solution cannot be quantized in terms of the
common prescriptions used for field quantization.
This solution is what one would obtain in presence of a
positive tension ε1 close to the origin which relaxes into
an overall negative tension ε2 as we move away from the
origin. Such potential mimics what we would have in the
presence of an overall attractive gravitational field which
would turn into a repulsive gravitational field as we move
close to the origin of the matter distribution. As strange
as this situation may seem, it is precisely what happens
when the field equations of gravity are written in presence
of propagating torsion sourced by the spinor field [11].
The interpretation we have given of this situation is a
straightforward one. When spinorial fields source torsion,
the spin-torsion interaction effectively acts between chiral
components as an attractive force. Attractive potentials
give rise to negative contributions that for large densities
might become dominant, reverting the energy density to
negative, thus inverting the sign of the curvature and so
the gravitational response. This feature may appear to be
counterintuitive, but it is merely the result of combining
a theory in which gravity is sourced by an energy density
to a theory in which that energy density might turn out
to be negative in some conditions, which is precisely what
happens when Einstein gravitation is sourced by a Dirac
spinor in presence of a propagating massive torsion field.
Notice however that the analysis leading to (180) is not
to be taken too seriously because it strongly depends on
the specific solution we considered, determined with the
constraints γ=π/2 and β=0 which were taken to remove
the intrinsic structure so to simplify the treatment. How-
ever, a realistic solution must consider internal structure,
that is the information related to the spin content and to
the Yvon-Takabayashi angle in the most general case.
We leave the search of such a solution and the investi-
gations of some of its properties to following works.
VII. CONCLUSION
In this paper, we have summarized in the most general
mathematical analysis the Dirac spinor and its field equa-
tions in polar form, the one that isolates real scalar de-
grees of freedom from all components that can be trans-
ferred into the frame and there combined with the un-
derlying geometrical features therefore giving rise to the
gauge-invariant vector momentum and the tensorial con-
nection. We have studied the non-relativistic approxima-
tion and the plane-wave structure of quantum fields for
which the polar form helps to highlight a few important
properties, such as the consequences that come from the
dismissal of the information related to spin. And finally,
we have considered a potential mimicking real situations
but with easier solution, actually finding a solution and
discussing it in terms of conditions that may give rise to
a discrete mass spectrum for the material distribution.
These results are of a very general interest, but leaving
aside the specific content of information that these results
have our main purpose was more formal, and it consisted
in presenting a way in which, by writing everything in the
polar form, it was possible to see, in the clearest manner,
the physical meaning of spinors, allowing a more efficient
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study of properties that pertain to such field theory and which are loverlooked when employing usual methods.
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